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Unimodular gravity is classically equivalent to standard Einstein gravity, but differs when 
it comes to the quantum theory: The conformal factor is non-dynamical, and the gauge sym- 
metry consists of transverse diffeomorphisms only. Furthermore, the cosmological constant 
is not renormalized. Thus the quantum theory is distinct from a quantization of standard 
Einstein gravity. Here we show that within a truncation of the full Renormalization Group 
flow of unimodular quantum gravity, there is a non-trivial ultraviolet-attractive fixed point, 
yielding a UV completion for unimodular gravity. We discuss important differences to the 
standard asymptotic-safety scenario for gravity, and provide further evidence for this scenario 
by investigating a new form of the gauge-fixing and ghost sector. 
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I. INTRODUCTION 

In the search for an ultraviolet (UV) complete theory of quantum gravity, it is of particular 
interest to investigate classically equivalent formulations of gravity that differ at the quantum level. 
Here we explore two such options, namely standard Einstein gravity and unimodular gravity. In 
unimodular gravity, the determinant of the metric, y^, is not a dynamical variable, i.e., 

V5 = e, (1) 

where e is a constant density. Only the conformal part of the metric is dynamical, i.e., an ex- 
ternal notion of local scale exists. This formulation is of particular interest for quantum gravity, 
as it is equivalent to General Relativity (GR) classically, see [1], since the equations of motion 
agree and each local coordinate patch of a solution to Einstein's equations admits the introduction 
of coordinates where = const. At the quantum level, both theories show crucial differences, 
while both have only a massless spin-2 excitation as their propagating degree of freedom [2]. An 
important motivation to consider unimodular gravity is that the cosmological constant arises as 
a constant of integration in the equations of motion and not as a coupling in the action. Thus 
it is not renormalized This solves the technical naturalness problem, which consists in the 
question why quantum fluctuations do not set the cosmological constant to the "natural" value 
-^Planck- ^0^6 that quantum fluctuations, such as those responsible for the Lamb-shift do gravitate 
in this setting, thus unimodular gravity only degravitates the cosmological constant. Furthermore, 
unimodular gravity differs from GR in that the spectrum of quantum fluctuations around a back- 
ground Qfj^i, differs, since ([T]) implies that h = g^'^Sg^y = 0. Thus the quantum fluctuations that 
must be integrated over in the partition function for quantum gravity differ. This can have crucial 
consequences for the theory and might in particular imply, that only one of the two classically 
equivalent theories, GR and unimodular gravity, exists as a quantum theory. 

Quantizing unimodular gravity is possible in different ways, see, e.g., [4J: One possibility is 
to impose the condition ([T]) in the action and the path-integral, thus reducing the dynamical 
variables in comparison to GR [5j. Also the gauge symmetry consists of local- volume-preserving 
diffeomorphisms, only. As a second option, the unimodular condition is implemented using a 
Lagrange multiplier j6J , thus keeping full diffeomorphism symmetry with the full metric being the 
variable in the path-integral. Evidently the classical equivalence of the two formulations needs not 
to carry over to the quantum case. Here, we focus on the first option. Possibly, the reduction in the 
number of unphysical degrees of freedom that are integrated over in the path-integral could reduce 
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the regularization-scheme dependence of Renormalization Group (RG) studies of the path-integral, 
and thus yield more reliable results already in simpler truncations of the full space of operators. 

The difference between GR and the unimodular theory becomes important already in the con- 
text of an effective-field theory setting for gravity, where quantum gravity effects are treated per- 
turbatively, see, e.g., [7J or in semiclassical calculations, see |H]. Here, we go a step further and 
consider a UV complete theory of GR as well as unimodular gravity. In the context of a continuum 
path-integral quantization of gravity, such a UV completion relies on the finiteness of running cou- 
plings in the effective action. As is well-known, a perturbative treatment reveals the perturbative 
non-renormalizability, not yielding a UV-complete theory, see [9l-lll|. This is due to the negative 
dimensionality of the Newton coupling in d = 4 spacetime dimensions and implies that the GauBian 
fixed point of the RG flow is ultraviolet repulsive. In a non-perturbative context, this does not 
imply the breakdown of the theory in the UV, since a nontrivial fixed point of the RG flow, if 
found, yields a UV-completion for the effective theory, see |12] . In principle, this scenario can be 
realized in either standard Einstein gravity or in unimodular gravity. The first option has been 
studied extensively, see, e.g., |13H16j following the work in [T7] and will be referred to as Quan- 
tum Einstein Gravity (QEG) here, for reviews see |18H21j . Here we explore the second option, 
Unimodular Quantum Gravity (UQG), for the first time. 

We use the functional RG (FRG), where the Wetterich equation [22] allows to evaluate /3 
functions even in the non-perturbative regime, by using an infrared (IR) mass- like regulator Rk{p) 
that suppresses IR modes (with < k'^) in the generating functional. The ^-dependent effective 
action contains the effect of quantum fluctuations above the scale k only. Its scale-dependence 
is given by a functional differential equation: 



Herein dt = kdk, and is the second functional derivative of with respect to the fields 
and is matrix- valued in field space. Adding the regulator and taking the inverse yields the full 
propagator. The supertrace contains a trace over all indices and summation over all fields with a 
negative sign for Grassmannian fields. The FRG framework is well-tested in diverse theories; with 
results agreeing with the universal one- loop (3 functions of dimensionless couplings, see, e.g., |23j . 

We apply the background field formalism |24j, where the metric is split into background and 
fluctuation fleld: 




(2) 



(3) 



4 



This split does not mean that we consider only small fluctuations around, e.g., a flat background. 
Within the FRG approach we can also access the fully non-perturbative regime. The background- 
field formalism is used in gravity, since the background metric distinguishes " high-momentum" and 
" low- momentum" modes by the spectrum of the background covariant Laplacian. Background- 
independence follows as the /3 functions do not rely on any specific field configuration, excepting 
possible topological subtleties [23]. 

Within the FRG framework as applied to quantum gravity, the unimodular theory is particularly 
interesting for several reasons: Firstly, within the background field formalism, the running of 
background couplings receives contributions which arise from the background dependence of the 
regulator function. Here, this problem is reduced as the cosmological constant is not a running 
coupling, and therefore the scheme dependence of the RG flow is reduced. Secondly, since the 
conformal factor is non-dynamical, the RG-scale k becomes an external parameter, as in other 
quantum field theories. This is different from the setting in QEG, where k can be redefined by a 
redefinition of the metric. Thus the meaning of large and small scales becomes dependent on an 
auxiliary background metric, and different choices of background correspond to a different order in 
which quantum fluctuations are integrated out. This differs in UQG, where an external notion of 
scale exists, bringing the RG flow of UQG closer to the flows of standard matter theories. Thirdly, 
the conformal-factor instability of the standard Euclidean formulation is absent, as the conformal 
factor is not a dynamical variable in the path integral, see [2]. In QEG, the full quantum action 
presumably contains terms beyond an Einstein-Hilbert term which could stabilize the potential. 
It has been conjectured that the instability signals a non-trivial vacuum for QEG with a flnite 
expectation value for the conformal factor [26]. The absence of this instability in UQG implies 
that the vacuum structure of QEG and UQG could differ. 

II. CONSTRUCTION OF THE GAUGE-FIXING AND GHOST SECTOR OF UQG 

In order to construct the Wetterich equation for UQG one must introduce a gauge-fixing term, 
following the Faddeev-Popov trick. The unimodularity condition ([T]) implies that unimodular 
gravity restricts the symmetry to transverse diffeomorphisms, for which 

SD9fj.u = Cv9tiu with D^v^" = 0. (4) 

Note that in gravity theories which are invariant under transverse diffeomorphism only, there 
appears an additional scalar mode in the linearized theory. As noted in |27| . this mode is absent 
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in two cases: If the symmetry is enhanced to a full diffeomorphism symmetry, arriving at standard 
Einstein gravity, or if the metric determinant remains fixed. Then the additional scalar, which 
plays the role of the determinant, is removed from the theory. 

Accordingly we cannot impose a standard linear gauge condition, such as, e.g., harmonic gauge, 
since it consists of four independent conditions, whereas we can impose only three if we are to 
respect the transversality of the diffeomorphism. One possibility is to simply project the harmonic 
gauge onto the transversal part, [28], using a transverse projector P^,y = i^g^yD"^ — D^Dy) . 
Then our background-field gauge condition reads 

F^ = ^/2 {D^D^hl - D^DpD^hP'') , (5) 

such that 5'rf = — / d'^x eg'"' F^F^, 
2a J 

where a is a (dimensionfull) gauge parameter. We then construct the Faddeev-Popov ghost sector 
as 

Sgh = - f d'^xec^g'"' ^^Ccgap- (6) 

J OhaP 

Crucially, since the gauge-transformations are transverse, this implies that the ghost field also 
fulfills transversality: -D^c^ = 0. This implies that the scalar longitudinal ghost, present in QEG, 
is missing from the unimodular formulation. This is in complete agreement with the intuition: If 
the gauge-symmetry is smaller, then fewer ghost fields need to be introduced into the theory to 
cancel the effect of non-physical metric modes. 

Inserting the gauge condition ([s]) we finally arrive at: 

5gh = - 1 d^x -ec^ [D'^D^-gP + D^D^g': 

-D.D^D^ - D.D^D'') gppD^cP. (7) 

We use a York decomposition of the fluctuation fleld 

V = + D^vy + Duv^ + DpD^a - ^D'^a +^h. (8) 

Here Df^hJJ = 0, g'^'^hj]^ = and D'^v^ = 0. We redefine (-l)^ - f and exponentiate 

the g^iy-dependent Jacobians resulting from the decomposition and redefinition [13j using auxiliary 
Grassmann fields. 

Here we will also explore a new gauge-fixing sector of QEG for the first time. Usually, a covariant 
gauge condition corresponding to four independent conditions is chosen. To clearly highlight the 
differences between UQG and QEG, we choose a different route here: Using the same gauge-fixing 
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of the transversal difFeomorphisms in UQG and QEG, see ^ with a dynamical density y^, we 
are left with one further (scalar) gauge-fixing function to choose in QEG, which we take to be 
F = h. This choice brings QEG as close to UQG as possible, since it enforces trace fluctuations in 
the path-integral to vanish. The crucial difference between UQG and QEG is that in UQG these 
fluctuations are absent from the path integral for any choice of gauge, whereas in the case of QEG 
we could also choose a different gauge that would keep the trace fluctuations. Note that although 
the fluctuations h do not contribute to the RG running, they still leave an imprint in the QEG 
case: The gauge-fixing induces a Faddeev-Popov ghost term with scalar ghosts reading 



'S'scalargh = ~ J ^ X ^/g D ^. (9) 

III. RG FLOW IN QEG AND UQG 

Our full truncation reads 

TkVQG = -'^ZnR'^ j d'^xeR + Sgf + Sgt, (10) 
in the case of UQG and with chief differences for QEG: 

rfcQEG = -2^ArK^y" (fx^R + S^i + S'gh + S'scalargh- (H) 

Herein Zjy is a wave-function renormalization for the graviton, and = ' define a 

dimensionless Newton coupling G = . 

There are two crucial differences between the quantum fluctuations driving the RG flow in QEG 
and UQG: Firstly, the trace of the metric fluctuations is not a dynamical degree of freedom due to 
the unimodularity condition: Since yfg = const, g^^6gfj,i, = h = 0. Thus its quantum fluctuations 
are not integrated over in the path integral. In the case of QEG, the exclusion of h from the path- 
integral is a valid choice of partial gauge, but introduces an additional scalar ghost fleld which 
is absent in UQG. Secondly, the propagator for the graviton does not receive contributions from 
fluctuations in the volume factor y^: In QEG, a contribution 

{6^^)R ~ -h^-'h^.R, (12) 

arises, which is absent for UQG. We will call this effect the absence of volume fluctuations. 

In the following we show our results for UQG and QEG. For the RG flow of G, we specialize to 
a spherical background, where the eigenvalues of the Laplacian are known exactly I29j. We employ 
a regulator of the form Rk = (rJ.^^(A;2) - r[.^^(-Z)2)) e{k^ - (--D^)), |30], which we impose directly 
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on the eigenvalues of the covariant Laplacian, which are being summed over on the right-hand side 
of the flow equation. This yields the following, evidently nonperturbative result for f5G = dtG: 

^2 3 (1625 - 618^/13 + 325\/l7) 



/3guqg =2G + G 
qeg =2G + G 



18727r - 325G 
2 2 (9763 - 3708^/13 - 975^/l7) 
37447r - 650G 



(13) 
(14) 




G 
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FIG. 1. We show the /3 functions for the Newton coupling in UQG (green thick line) and QEG (blue dashed 
line). 

Obviously, both f3 functions agree in the perturbative regime, see fig. [T| as they have to due to 
the dimensionality of Gjy, which stipulates 9g/3g'|g=o = 2. 

Interestingly, both f3 functions show a further, interacting fixed point, which is UV attractive 
in both cases. Thus we find the first indication that UQG could indeed exist as a UV complete 
quantum theory of gravity. The critical exponent governing the approach to the non-Gaufiian fixed 
point at G^uQG = —7.54 in UQG, reads 

- = 1.412, (15) 

UG G=G-t UQG 

corresponding to a UV attractive direction. 

We also find further evidence for asymptotic safety in QEG, as we find an interacting fixed 
point at G*QEG = 2.65 with critical exponent — ^^qq^'"^ Ig=g,qeg ~ 2.341, lying in the range which 
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is observed for this universal quantity in other schemes, see, e.g., |15l I20j . Removing the RG 
improvement on the right-hand side of the flow equation, i.e., disregarding the terms ~ r]]\f arising 
from our choice of regulator, the fixed point persists, with numerical changes in its value. 

Although we find indications that both QEG and UQG are asymptotically safe, they differ in 
the sign of the Newton coupling at the UV fixed point. Actually the observation of a positive 
Newton coupling in the IR does not imply that G > must hold in the UV. The stability of 
the theory could be guaranteed by higher-order curvature couplings, which we have ignored here. 
To be compatible with observations in our universe, the RG flow must reach a positive Newton 
coupling of the right size at observable scales in the infrared. Within our current truncation, this 
is impossible in the case of UQG: Starting at the interacting fixed point, the fiow approaches the 
GauBian one from G < 0. At G = 0, we reach the fixed point, where the flow stops, and cannot 
traverse to the region G > 0. This could actually change in an extended truncation. Furthermore, 
the fixed-point value for the Newton coupling is not a universal quantity. Thus other choices of 
the gauge and the regularization scheme could yield a positive value for the Newton coupling. 

The difference between UQG and QEG relies on the off-shell character of quantum fiuctuations: 
The information on the sign of the fixed point is present in the transverse traceless component of 
the propagator, which agrees if evaluated on shell where -R = 0, since T^'^/^ji ~ -D'^ + R^^, where 
= 1 for QEG and C = for UQG. Note also that this analysis is in full accordance with the recent 
ideas of paramagnetic dominance in asymptotic safety [31] : The difference in the sign of the fixed- 
point value can be traced back to the change of sign in the curvature-dependent ("paramagnetic") 
term in the propagator for the transverse traceless graviton mode. 

It is interesting to observe that although the unimodular modes also carry information about a 



non-trivial fixed point in gravity, it is the volume fiuctuations, see ( 12 ), which are clearly responsible 
for shifting this fixed point into the region where G > 0. Thus, if confirmed that the RG flow in 
unimodular gravity cannot cross the G = line, we conclude that the fact that the spacetime 
volume undergoes local quantum fluctuations, is crucial for the existence of a quantum theory of 
gravity with a valid semiclassical limit. The present study complements previous explorations of 
QEG in settings with reduced degrees of freedom, see, e.g., [32l [33]. 



IV. CONCLUSIONS 



Here we have examined unimodular gravity and GR, which are classically equivalent, but show 
crucial differences in the quantum theory: Firstly, the cosmological constant is not renormalized 
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in UQG which solves the technical naturalness problem. Secondly, the spectrum of quantum 
fluctuations differs in the two theories, yielding crucial differences in the RG flows. We find that 
within a simple truncation of the RG flow both theories show an interacting fixed point for the 
Newton coupling and are therefore asymptotically safe. This is the first evidence that UQG could 
indeed exist as a UV complete theory. We also provide further evidence for asymptotic safety in 
QEG, as we investigate a new gauge fixing. 

Crucially, the fixed-point value of the Newton coupling is negative in UQG. This does not 
immediately rule out UQG as a valid quantum gravity theory for our universe, but requires that 
within an extended truncation, the RG flow must cross the line G = and yield a positive value 
for G in the infrared, where it has been measured. 
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